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This paper examines localization for a collection 9 of minimal prime ideals of a 
right noetherian ring. It is shown that minimal prime ideals satisfy the second layer 
condition. Consequently, Y is localizable itf Y is stable. Localizability of Ip is 
characterized using right Krull links between prime ideals and an intersection 
property involving coprimitive ideals. Clans of minimal prime ideals are charac- 
terized and shown to be homogeneous. 0 1988 Academic Press, Inc. 
1. IN~~DucTI~N 
Let 2’ be a collection of prime ideals of a right noetherian ring R and let 
S= n (P 1 PE 9}. Then 9 is called right localizable if the set q(S) = 
{c E R 1 c + S is regular in R/S} is a right Ore set. The set Y is called right 
classical if 2’ is right localizable and the Jacobson radical of the 
corresponding ring of quotients satisfies the right AR property. The 
purpose of this paper is to determine when collections of minimal prime 
ideals of a right noetherian ring are right classical, and to characterize 
minimal right classical sets of minimal prime ideals. 
It is well established that linkage is significant in determining when a 
collection of prime ideals is localizable. However, in the evolution of this 
concept different definitions have been used in different settings. Let P and 
Q be prime ideals. Following Muller [ 151 we say there is a right Krull link 
from Q to P provided Q = d(K) where K is a Krull composition factor of 
some non-zero submodule of E(R/P). This notion of linkage has been 
primarily used to study localization at finite homogeneous sets of prime 
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ideals. it is shown in [ 151 that a finite Krull homogeneous collection dp of 
prime ideals is right classical if and only if LY is closed under right Krull 
links and for each PE dp, P annihilates all critical submodules of E(R/P). 
To examine localization at arbitrary sets of prime ideals, Jategaonkar in 
[12] utilizes the notion of right second layer link (see [ 12, p. 1353). 
According to [ 12, 7.1.51, a finite collection Y of incomparable prime ideals 
is right classical if and only if L? is closed under right second layer links 
and for every P E 9, any uniform submodule U E E(R/P)/ann,(,,,,(P) has 
E(U) isomorphic to a direct summand of E(R/ass( U)). A prime ideal for 
which E(R/P) satisfies the latter hypothesis is said to satisfy the second 
layer condition. 
The advantage of second layer linkage is its general applicability. 
However, Krull linkage is conceptually simpler. Because we restrict our 
attention to minimal prime ideals, we are able to use both of these concepts 
of linkage to determine when a collection of minimal prime ideals is 
localizable. 
In Section 2, we develop some preliminary machinery concerning regular 
elements, coprimitive ideals, and Krull linkage. In Section 3, we examine 
the second layer condition for minimal primes. It is known that for a 
noetherian ring every minimal prime satisfies the second layer condition. 
We show that this result remains valid when R is only assumed to be right 
noetherian, thus answering a question posed by Jategaonkar in [12]. 
Consequently, for a set Y of minimal prime ideals, 9 is right classical if 
and only if LY is closed under second layer links. We also show that this is 
equivalent to 9 being closed under right Krull links plus an intersection 
condition involving coprimitive ideals. 
A right localizable collection 2 = {P, , . . . . P,} of minimal prime ideals of 
a right noetherian ring R is called a right clan provided no proper subset 9 
of { 1, . ..) n} has the property that %( nrsd D,) is a right Ore set. Here, for 
each i, Di is the unique minimal pi-coprimitive ideal contained in Pi, where 
fii = 1 R/P,I. This definition coincides with the one given in [ 141 if R is FBN 
since, in this case, Pi = Dj for all i. In Section 4, we show that a collection 
9= {P,, . ..) P,} of minimal primes is a right clan if and only if Pi = Di for 
all i and %’ is a minimal right Krull link closed set. It is also shown that, as 
with FBN-rings, right clans are homogeneous. 
From [2,9, 131 we have the following delinitions and conventions. All 
modules will be right unital R-modules. If S is a subset of a right 
R-module, then 4tR(S) = {r E R ( sr = 0 for all s E S}. For a uniform module 
U, ass(U) = {r E R 1 U,r = 0 for some non-zero submodule U, of U}. If M 
is a module and Z is an ideal of R, then arm,(Z) = {x E M 1 xl= O> is a sub- 
module of A4. If N is an essential submodule of it4, we write N <e h4. The 
injective hull of a module M is denoted E(M), the Krull dimension of M by 
lA41, and the singular submodule of M by Z(M). A module A4 is called 
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/?-homogeneous if for any non-zero submodule N of M having Krull dimen- 
sion, then [NJ = fl. An ideal D of R is called P-coprimitiue if D is the 
annihilator of a /?-critical module and lR/D( =/I. This is called a 
A, /I-coprimitive ideal in [4]. 
A Krull composition series for a module A4 is a finite chain of submodules 
M=M,3MM,-,I ... =) M, 3 M,, =0 such that the factors M,/M,- I are 
/Ii-critical, where /I,, B p, _ , > . . . 2 /I1 > - 1. The factors M,/M,- 1 are 
called Krull factors of M. If M does not have a Krull composition series, 
then the Krull factors of M are the Krull factors of finitely generated sub- 
modules of M. (In general, we are dealing with right noetherian rings and 
hence, finitely generated submodules will have a Krull composition series.) 
2. MINIMAL PRIMES, COPRIMITIVE IDEALS, AND LINKAGE 
Let P be a minimal prime ideal of a right noetherian ring R. According 
to [ 11, R satisfies the descending chain condition on annihilators of subsets 
of E(R/P). A module having this property is called a A-module in [6]. That 
E(R/P) is a A-module has two consequences that make it possible to use 
Muller’s linkage in the study of localization at sets of minimal primes. 
The first consequence is that P contains a unique minimal /I-coprimitive 
ideal, where /I = 1 R/PI. An ideal D is called a fl-coprimitive ideal provided D 
is the annihilator of a b-critical module C and I R/D1 = fl. For a prime ideal 
P, let E, denote an indecomposable summand of E(R/P). By [4, 2.41, the 
unique minimal fl-coprimitive ideal contained in P is &(S(Ep)), where 
S(E,) denotes the sum of all b-critical submodules of E,. Note that any 
prime ideal Q is itself a /I-coprimitive ideal, where fi = I R/Ql. However, it 
may contain other /I-coprimitive ideals as well. 
The second consequence of the A property that we use in the sequel is 
that a Krull factor K of E(R/P) is nonsingular over R/&(K). This is verified 
in [S] and is stated below for the convenience of the reader. 
2.1. LEMMA. Let M be a A-module over a right noetherian ring R and let 
N be a finitely generated submodule of M with Krull composition series 
N=N,IN,-~x ... =,N,=O. Thenfor i=l,..., n, 
(1) N,/N,- 1 is a A-module. 
Zf Bi = at( NJN, _ 1 ), then 
(2) IN,/Ni- II= lRIB,I. 
(3) N,/N,_ , is a nonsingular right R/B,-module. 
Proof. Statement (1) is [5,2.2]. Statements (2) and (3) follow from (1) 
and [3,4.1]. 
Let ?Z = {P,, . . . . P,} be a collection of minimal prime ideals of R. In the 
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remainder of this section, R will denote a right noetherian ring and for all i, 
Di will denote the unique minimal /l,coprimitive ideal contained in Pi, 
where p1 = 1 R/PiJ. 
2.2. PROPOSITION. Let 9 = {P,, . . . . P,} be a collection of minimal prime 
ideals of R. 
(1) If 9 is right localizable, then U( fi:= 1 Pi) E +?( nje I Dj), where f is 
any nonempty subset of { 1, . . . . n}. 
(2) If%(n;= 1 Pi) = %(n;=, DJ, then the set of minimal primes over 
D = n;= r Di is precisely { P,/D, . . . . PJD ). 
(3) Zf@?(n?=, Pi)=%(n;=, DJ, then %?((7yZ1 Di)G%(Dj)for all j. 
Proof Let E, denote an indecomposable summand of E(R/P,). Since 
IR/DJ = IR/P,J, then Pi/Di is a nonessential right ideal of R/D, by [2,4.2]. 
Consequently, E, is isomorphic to a direct summand of E(R/D,). By 
[2,4.1], R/Di is isotopic and therefore, E(R/D,) zz EF for some integer ni. 
It follows that E(R/D,) imbeds into a finite product of copies of E(R/P,). 
(1) Let S = fly= 1 Pi and let c E U(S). By [ 10, 3.21, c acts regularly on 
E(R/S). If I is a nonempty subset of { 1, . . . . n} and D,= njs, Dj, then 
E(R/D,) embeds into E(R/S)m for some integer m. Thus, c acts regularly on 
E(R/S)“’ implies that c acts regularly on E(R/D,). Therefore, c + D, is a left 
regular element of R/D,. Since R/D, is right noetherian, then c + D, is also 
right regular in R/D, by [lo, 1.23. Hence c E V(D,) and V?(n;=, Pi) E 
Wnj,,Dj). 
(2) Let D = n;= 1 Di and suppose that Q/D is a minimal prime ideal 
of R/D. Then by [7,2.5], T?(D) G W(Q) and hence, g(n7;=, Pi) E W(Q). If 
Q # Pi for all i, then Q + Pi/Pi <e R/P, and thus, Q n %T(Pi) # fa for all i. 
By [16, 11, Q n %Z(n;=, Pi) # 0. Necessarily, then Q n g(Q) # @ which is 
impossible. Thus, Q = Pi for some i. 
(3) By (2), the condition %(n;=, Pi) = %(n;= i Di) guarantees that 
R/D satisfies the regularity condition and hence, has an artinian classical 
quotient ring. Thus, the set {PI/D, . . . . P,/D} is a right localizable collec- 
tion of minimal primes. By (l), %( l-J;= 1 (Pi/D)) G %‘(D,/D) for all j. It 
easily follows that %‘(n;= i Pi) = W(n;= 1 Di) c%‘(Dj) for all j. 
If P and Q are prime ideals of a right noetherian ring R, then there is a 
right KruN link from Q to P, denoted Q --H P, provided there exists a non- 
zero submodule XG E, and a Krull composition series 0 = X,, c . . . c 
X, = X such that Q = ass(X,/X,- 1). If k = 2, then we say there is short right 
Krull link from Q to P. A collection 9 of prime ideals is called (short) right 
Krull link closed provided for all P E 2, if there is a (short) right Krull link 
Q --H P, then Q E Y. According to [ l&9], a homogeneous, finite set P’ 
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must be right Krull link closed in order for Y to be right classical. Also, 
for P’BN rings, short right Krull link closed and right Krull link closed 
coincide. In the next section, we accomplish the former result for collec- 
tions of minimal primes. To do so, we need to establish the latter result for 
collections of minimal primes of a right noetherian ring. 
2.3. LEMMA. If C is a A-critical module with P= ass(C), then 
E(C) N Ep. 
Proof: Since P = ass(C), there exists a submodule 0 # Co E C such that 
P = rt(C,). Since C, is a A-module, JR/PI = jC,l which implies that C,, is a 
nonsingular R/P-module. Thus, there is an embedding of Co into E(R/P). 
Therefore, E(C) = E( C,) N E,. 
2.4. PROPOSITION. Let 9 = {P,, . . . . P, > be a collection of minimql prime 
ideals. Then 9 is right Krull link closed iff 9 is short right Krull link closed. 
Proof: The forward implication is clear. For the reverse implication, 
suppose 8 is short right Krull link closed and let S = &‘=, Pi. If 9 is not 
right Krull link closed, then there exists a prime PE Y, a finitely generated 
submodule 0 # XE E, and a Krull series 0 = X,, c . . . c X, = X such that 
ass(X,JX,,-,) = Q $9’. Further, we can choose X so that m is minimal. 
By hypothesis, m > 2. The minimality of m necessitates that 
ass(X,,- i/X,,, _ *) = P’ E 9’. Since P’ is a minimal prime ideal, E,. is a 
A-module. By 2.1, X, _ i/X, _ Z is a A-module. Thus, by 2.3, 
E(X,-,/X,-J 5: Ey. 
Consider the module X/X,,-,. If this is not uniform, then there exists a 
submodule Y/X, _ Z such that Ylx, _ 2 n X,,, _ i/X,,, _ 2 = 0. Thus, there is a 
l-l map Y/X,-, + X,/X,-, . This implies that Y/X,,_ 2 is critical and 
hence, YI>X,-,I ... 1 X0 = 0 is a Krull series of length m - 1. However, 
ass( Ylx, _ 2) = ass(X,JX, _, ) = Q $9 which contradicts the minimality 
of m. It follows that X/X,,_, is uniform. Thus, E(X/X,,- *) = 
E( X,,, _ 1/X,,, _ *) N E,. and so E,, contains a submodule X,, N X/X,,, _ *. The 
module X0 has a Krull series of length 2 and a top factor isomorphic to 
X,/X,,- 1 with assassinator Q. Thus, P’ E 9, there is a short right Krull 
link Q + P’ and Q 4 9, which is a contradiction. Consequently, Y is right 
Kruil link closed. 
3. LOCALIZATION AND THE SECOND LAYER CONDITION 
As mentioned in the Introduction, the type of linkage that we examined 
in Section 2 has primarily been used to study localization at finite 
homogeneous collections of prime ideals. To study localization at arbitrary 
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collections of prime ideals, Jategaonkar [12] introduced the notion of a 
second layer link. If P and Q are prime ideals, then there exists a right 
second layer link from Q to P, denoted Q- P, provided there exists an 
ideal A with QP c A c Q n P such that (Q n P)/A is a torsion free right 
R/P-module and every non-zero left R-submodule of (Q n P)/A is faithful 
as a R/Q-module. If the ideal A needs to be mentioned, then we will write 
Q-+ P via A. In this section, we utilize second layer links and Krull links in 
determining the localizability of set of minimal primes. 
If P is a prime ideal of a right noetherian ring R, then L = arm,(P) is 
called the first layer of E,. The second layer of E, can effectively be defined 
as E,/L (see [12, p. 1121). In order for a collection 9 of prime ideals to be 
right localizable, Jategaonkar in [ 121 demonstrates that for every PE 3, 
every uniform submodule U E E,/L must satisfy E(U) N E,, where 
Q = ass( U). A prime ideal P for which E,/L has this property is said to 
satisfy the right second layer condition. As a trivial consequence of the Main 
Lemma in [12], every minimal prime ideal of a two sided noetherian ring 
satisfies the right second layer condition. However, it is an open question 
whether this result remains true for right noetherian rings. In the first part 
of this section, we give an affirmative answer to this question. We begin by 
examining the differences between right Krull links and right second layer 
links. 
In contrast to a right Krull link Q + P, the definition of a right second 
layer link from Q to P requires no knowledge of the injective module E,. 
However, it is unclear from the definition what the existence of a second 
layer link indicates about the structure of E,. The following result of 
Goodearl [8] shows that a right second layer link can be described in a 
manner that is similar to the definition of a short right Krull link. 
We adopt the terminology established in [12] and call a uniform 
module M, with ass(M) = Q, tame provided M contains an isomorphic 
copy of a right ideal of R/Q. If the prime Q needs to be mentioned, then M 
will be called Q-tame. Notice that if C is a d-critical module with 
assassinator Q, then by 2.1, C contains a nonsingular R/Q-module and 
hence, is tame. 
3.1. PROPOSITION [S, 1.31. Let P and Q be prime ideals of a right 
noetherian ring R. Then Q-+ P iff the second layer of E, contains a critical 
Q-tame submodule. In this case, there is a finitely generated A-critical 
submodule 8= X/L E E,/L such that Q = *t(z) and Q -+ P via rt(X). 
Proof: By [8, 1.31, Q-N, P if and only if E, is isomorphic to a direct 
summand of E(E,/L). Clearly, this is equivalent to the existence of a 
critical Q-tame submodule of E,/L. 
If E,/L contains a critical Q-tame submodule, then E,/L contains a 
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finitely generated submodule R= X/L that is isomorphic to a right ideal of 
R/Q. After normalizing (see [12, p. 155]), we may assume that X satisfies 
the hypothesis of the Main Lemma in [12]. If *t(X) = Q t P, then by 
[ 12, 6.1.31, R is a torsion R/Q-module, which is impossible. Thus, there is 
a second layer link from Q to P via *t(X). 
The last result enables us to indicate the relationship between these two 
types of links. 
3.2. COROLLARY. Let P and Q be prime ideals of a right noetherian ring 
R. Zf Q -+ P and IR/PI < I R/Q[, then there exists a short right Krull link 
Q -++ P. 
Proof: By 3.1, there is a finitely generated d-critical submodule 
X/L E E,/L such that Q = &(X/L). Thus, IX/L1 = [R/Q1 2 [R/PI. Further, 
since XfL is finitely generated, X/L N X’fL’ where L’ c x’ E E,, X’ is 
finitely generated, and L’ c S(E,). Then L’ is critical and hence, the 
sequence L’ c X’ is a Krull composition series of length 2. Therefore, there 
is a short Krull link Q + P. 
The following examples show that, in general, the existence of one type 
of link between distinct prime ideals does not necessarily ensure the 
existence of the other. In particular, the first example shows that the 
converse of 3.2 fails. 
Let T be a simple non-artinian HNP ring and let M be a maximal right 
ideal of T. Then TM = T and T/M is faithful. Let R be the idealizer of A4 in 
T. According to [S, 2.1(a)], R is an HNP ring, M is a maximal ideal of R, 
T/M is a uniserial right R-module of length 2, and both R/M and T/R are 
simple right R-modules with T/R faithful. It follows that R/M Gp T/M and 
0 c R/M c T/M is a Krull composition series. Thus, E( R/M) = E( T/M) = 
E, and hence, there is a right Krull link 0 +-P M. By [S, 2.1(b)], there is no 
right second layer link from 0 to M. 
Let R = (c ;[;I), P = (c “VI), and Q = (X ;[;I), where F[x] is the ordinary 
ring of polynomials over a field F. Then E( R/P) = E, = S( EP) 1: (&) &.), 
L=(O 0 o &, and Q = rt(E,/L). Since I R/Q1 < IR/PI, there is no right Krull 
link Q ++ P. However, there is a right second layer link from Q to P via 
A = 0. Also, since P2 = P, there is no second layer link from P to itself, but 
P + P. 
We now proceed to show that minimal prime ideals of a right noetherian 
ring satisfy the right second layer condition. 
3.3. LEMMA. Let P be a prime ideal of a right noetherian ring R. Zf c is a 
critical submodule of E,/L, then either c E S(E,)/L or Cn S(Ep)fL = 0. In 
the latter case, I cl 2 ) R/PI. 
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Proof. Let C= C+ L/L be a finitely generated critical submodule of 
E,/L. If C G S(E,), then 1 C n S(E,)I 6 1 C/C n S(E,)I. To see this, assume 
otherwise. Let 0 # Kc C be a submodule. Then 1 C/K1 < I C/K n S(E,)I = 
sw{lCn Wp)lK~ WA IWn S(E,)I >. BY C’L 2.41, ICn StEpI/ 
Kn S(E,)I < IC n S(E,)I d (Cl. Therefore, [C/K1 < ICI and hence, C is 
critical, a contradiction. 
Suppose C n S(E,)/L # 0. Since L < e S(E,), I Cl = 1 C n S(E,)/LI < 
IR/PI. Thus, if C @ S(E,), then IR/PI = (CnS(E,)I 6 IC/CnS(E,)I < 
I C/C n LI = I C + L/L1 = I cl < IR/PI, which is impossible. Therefore, 
cc S(E,). 
3.4, LEMMA. Let P be a prime ideal of a right noetherian ring R and let 
C= C+ L/L be a finitely generated critical submodule of S(E,)/L with 
Q = ass(C) = &(c). If C is a A-critical, then C is a A-critical. 
Proof: Following [12, p. 1551, we may normalize if necessary so that 
for all submodules NE C, either NE C n L = arm,(P) or &(N) = r.!(C). By 
[12,6.1.3], either Q ^N, P via rt(C) or rt(C) = Q c P. 
Since c is critical over R/Q, then C is either singular or nonsingular. 
Suppose c is singular. Since C is a A-critical, then st(C) = n:= i &(x,), 
where X~E C. If xig arm,(P) for all i, then Cc L contrary to hypothesis. 
Hence, after renumbering, we may assume that xi, . . . . x, $ arm,(P) 
and xi E annJ P) for i > t. Since C/ann.( P) is singular, then 
(7;= i st,,o(xi + arm-(P)) Ge R/Q. Thus, there exists s E W(Q) such that 
xis E ann,(P) for i = 1, . . . . t. Therefore, x,sP= 0 for all i and hence, 
C.sP = 0. Consequently, s(Q n P) G sP c at(C). If Q -+ P via rt(C), then 
Q n P/rt( C) is a faithful left R/Q-module. Thus, s E Q which is impossible. 
It follows that &(C) = Q c P. Since P & Q, then P n U(Q) # Qr which 
implies that there exists c E P n W(Q) such that xisc = 0 for all i. Thus, 
Csc = 0 and SC E #k(C) = Q which is impossible. Consequently, c is non- 
singular over R/Q and is therefore a A-critical by [3,2.3]. 
A prime ideal P satisfies the right second layer condition if and only if 
finitely generated uniform submodules of E,/L are tame. If U is a uniform 
module and U contains a prime A-critical C with ass(C) = rt(C) = Q, then 
C is nonsingular as an R/Q-module. Thus, E(C) N E,. Since E( U) = E(C), 
then E(U) N E, and hence U is tame. Thus, P satisfies the right second 
layer condition if prime critical submodules of E,/L are A-critical. 
3.5. PROPOSITION. Let P be a minimal prime ideal of a right noetherian 
ring R. Then P satisfies the right second layer condition iff all finitely 
generated prime critical submodules of S(E,)IL are A-modules. 
Proof. The necessity is clear. For the converse, let C/L be a critical sub- 
module of E,/L. Then Q=ass(C/L)=rt(X+ L/L) for some finitely 
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generated submodule XE C. If X @ S(E,), then by 3.3, X+ L/L n 
S(E,)/L = 0. Thus, A’+ L/L N X/Xn S(E,) and IX/Xn S(E,)J 2 IR/PI = 
IXn S(E,)j. It follows that 0 c Xn S(E,) c X is a Krull composition series 
for X. Since P is a minimal prime, E, is a d-module. Therefore, by 2.1, 
X/Xn S(E,) 1: X+ L/L is a d-critical module. By the comment following 
3.4, CfL is tame. 
3.6. THEOREM. Every minimal prime ideal of a right noetherian ring R 
satisfies the right second layer condition. 
ProojI Let P be a minimal prime ideal of R and let c = C + L/L E 
S(E,)/L be a finitely generated prime critical submodule. Since P is a 
minimal prime, C is a d-critical. By 3.4, c is a d-critical. The conclusion 
follows from 3.5. 
Next, we utilize Krull links and second layer links to determine when a 
collection of minimal prime ideals is localizable. In the following, a 
collection 9 of prime ideals is called right stable if whenever Q ur) P and 
PEG?, then QEY. 
3.7. THEOREM. Let Yip= {PI, . . . . P,> be a collection of minimal prime 
ideals of a right noetherian ring R and for all i, let Di be the minimal 
pi-coprimitive ideal contained in Pi, where ji = ) R/P,]. The following are 
equivalent. 
(1) 9 is right classical. 
(2) 9 is right localizable. 
(3) 9 is right stable. 
(4) 9 is right Krull link closed and %(nl= 1 Pi) =%((71= 1 Di), 
Proof: (1) * (2). Clear. 
(2) =z- (3). This follows from [12, 7.3.11. 
(3)*(l), This is a consequence of 3.6 and [12, 7.3.11. 
(2) + (4). For the first statement, it suffices to show, by 2.4, that 9 is 
short right Krull link closed. Let Pie Y and suppose that Q ++ Pi is a 
short right Krull link where Q $ A?. Let Pie 9. Since Pi is a minimal prime 
ideal and Q # Pi, Q + Pj/Pj < e R/P, for all j. Thus, Q n %?(P,) # @ for each 
j. By [16,1], QnV(S)#@, where S=nl=, Pi. Let CEQ~%‘(S). 
There is a submodule 0 #Kc_ Ep, and a Krull series 0 = K0 c K1 c 
K2 c K such that Q = &(KZ/KI). Thus, Kc c_ K1 E S(E,). By (4,2.4], then 
Di = rt(S(E,)) and hence, KcDi = 0. Thus, if x E K, we have XCD, = 0. Let 
di Di. By hypothesis, V(S) is a right Ore set. Consequently, there exists 
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c’ E V(S) and r E R such that cr = dc’. Since dc’ E Dj, then cr E Di. By 2.2(l), 
CEV(DJ, which implies that rE Dj. Then x dc’ =xcr = 0. Since V(S) acts 
regularly on E,, by [ 10, 3.31, xd= 0. It follows that xD, = 0. Therefore, xR 
is an R/D,-module and /R/P,1 d lxR[ < IR/DJ = IR/P,I, whence IxRl = 
(R/DJ. Since xR is uniform, xR is critical by [2, 2.61. Thus, xR c K,. 
Necessarily, then K = K, which is impossible. Hence, Q = Pi for some j. 
For the second statement, %‘(S) E V( n;= 1 Di) by 2.2( 1). Since S is an 
intersection of primes minimal over fly= i Di, the reverse containment holds 
and the result follows. 
(4)* (1). Let D= fly=, Di. By 2.2(2), the prime radical of R/D is S/D 
where S = fly=, Pi. Since R is right noetherian, S” E D for some integer m. 
According to [lo, 3.3 and 3.43, it suffices to show that the elements of 
9(S) act regularly on E(R/S) and that E(R/S) = IJk >, ann,(,,,)(Sk). Let 
XEE(R/S) and let xR=M,I ... 1 M, 3 M, = 0 be a Krull series for xR. 
If Q = ass(M,/M,- i), then Q = Pj for some j = 1, . . . . n. By 2.1, M,/M,- , is a 
d-critical module, whence IR/st(Mi/Mi-,)I = IM,/M,- II = IR/P,I. Since 0, 
is the minimal pi-coprimitive ideal contained in Pi, then Dj E rt(Mi/Mj- ,). 
Hence, (M,/M,- I)D =0 which implies that xR. D’= 0. Since S” E D, 
xR .S”‘= 0. Therefore, E(R/S) = Uka, ann,(,,,)(Sk). 
Let c E W(S) = W(D). By 2.2(3), 9?(D) c W(Di) for each i. Suppose xc = 0 
where x E E(R/S). If xR denotes a Krull factor of xR, then since 9 is right 
link closed, ass(z) = Pi for some i. Further, xR is a d-critical by 2.1 and 
thus, 121 = IR/P,I. Since Di is the minimal Pi-coprimitive ideal contained 
in Pi, then Dic&(z). Now, ceW(Di) and c+ Dig rtRID,(Z) implies that 
~lt~,~,(X) Ge R/Di. However, since IxRl = IR/DJ, xR is a nonsingular 
R/D,-module by [2, 4.33 which is a contradiction. Thus, c acts regularly on 
EUVS). 
3.8. COROLLARY. Let 9 = {P, , . . . . P,> be a collection of minimal prime 
ideals and let D = fly=, Di. Then 9 is right classical iff the ,following are 
satisfied. 
(1) 9 is right Krull link closed. 
(2) R/D has an artinian classical quotient ring. 
(3) {K/D, . ..v PJD) is the collection of minimal prime ideals of R/D. 
Proof. This folloyvs directly from 2.2(2) and 3.7. 
Remarks. (1) The proof of (2) * (4) in 3.7 is a modification of an 
argument used in [ 14,5] taking into account that annihilators of critical 
modules are not necessarily prime ideals. 
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(2) For (4) * (1) of 3.7, a similar argument can be applied to a finite 
collection of prime ideals {P,, . . . . P,} such that finitely generated sub- 
modules of each E(R/P,) are finitely annihilated and each Pi contains a 
minimal /?,-coprimitive ideal where pi = IR/P,I. In particular, if R is a 
strongly right FBN ring, then these conditions hold for any prime P. 
Strongly right FBN rings are examined in [4, 133. 
(3) In general, condition (3) of 3.8 cannot be eliminated. Let 
R=( c :[;I), where F is a field and let P = (E “c,Xl). Then P is a minimal 
prime with IR/PI = 1 and P is right link closed. The minimal 1-coprimitive 
ideal D contained in P is 0. Furthermore, R = R/D has an artinian classical 
quotient ring. However, {P} is not right classical since P # D (see 4.3). 
Note that (3) of 3.8 is not satisfied since R = R/D has two minimal primes 
P and Q = (E $3 ). 
4. CLANS OF MINIMAL PRIME IDEALS 
Throughout this section, 9 = {PI, . . . . P,} will denote a collection of 
minimal prime ideals of a right noetherian ring R and for all i, Di c Pi will 
denote the minimal fircoprimitive ideal, where fli = 1 R/P,I. 
If 9 is right localizable, then by 3.7, %?((7;= 1 Di) is a right Ore set. A 
right localizable set Y will be called a right clan provided no proper subset 
$ of { 1, . . . . n} has the property that U(n,,, Di) is a right Ore set. Over an 
FBN ring R, annihilators of critical modules are prime ideals by ‘[ 111 and 
hence, Pi = Di for all i. In this case, our definition of right clan coincides 
with that given in [ 143. It then follows from [ 141 that over an FBN ring, 
9 is a right clan if and only if dp is a minimal right Krull link closed set. 
We show in this section that a similar result holds for right clans of 
minimal prime ideals of a right noetherian ring. 
4.1. LEMMA. Suppose D= D1 n ... n D, is an irredundant intersection. 
Then RID is a nonsingular ring iff Di & Pj for all i # j. 
Proof: Let R= R/D and for all i, let Bi= DJD and Pi = Pi/D. Then 
n;=, di=O. Since th is intersection is irredundant, for all i, R contains a 
critical submodule Ci#O such that CinDi=O. Clearly, each Ci imbeds 
into RIDi. 
Suppose R is nonsingular and Di E Pi for some j # i. Since Pi/Di # Pi/D,, 
then Pi/D, <, R/Di by [2,4.2]. Therefore, isj se i?. Since Cj is isomorphic 
to a submodule of R/Dj, then ass(Cj) = Pi. Now, Cj contains a submodule 
C; # 0 such that rt(C,I) = Pi. Then Pi= #t&C;) <e K. Thus, Cj c Z(K) = 0 
which is impossible. Therefore, Di P Pi. 
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Conversely, suppose Di @ P, for all i, j with i # j. Let 0 #x E Z(R) with 
xi? critical. Since R embeds into C @I=, RIDi, then xi? embeds into R/Di 
for some i and hence, is fircritical for some i. Let H = nj+ Dj. Then H 
embeds into R/Di and is therefore pi-homogeneous. Furthermore, by 
[2,4.1], H has the property that 1 H/K1 < fii for all essential submodules K. 
Now, if 0 # y E xR, then yH embeds into R/D, and yH N H/H n *LK(y) as 
R-modules. Since %kx(y) n H Ge H, lyH/ = [H/H n ,~d~(y)l < /Ii. However, 
XR is /I,-critical and therefore yH = 0. It follows that HE at,(xR) E 
ass,(xR) = P,. Since H = njz i Dj and isi is a prime ideal, then rj;, E Pi for 
some j # i. Therefore, Dj c Pi which is a contradiction. 
In the following, Ass(R,) denotes the collection of prime ideals which 
are assassinators of critical right ideals of R. Note that if R is a right non- 
singular ring, then each member of Ass(R,) is a minimal prime. Further, if 
Q 1, . . . . Q, E Ass(R,), then ny= I Qi is a closed right ideal of R in the sense 
that it has no proper essential extensions in R,. 
4.2. LEMMA. Let R be a right noetherian, right nonsingular ring and let N 
denote the prime radical of R. Zf N = n {P 1 P E Ass(R,) > and N # 0, then R 
does not have an artinian classical right quotient ring. 
Proof Since R is right nonsingular, N is a closed right ideal of R. Let K 
be a direct complement of N in R. Then N @ K < e R and, since N is closed, 
NO K/N < e R/N. Thus, K n %‘(N) # @. If V(N) = q(O), then K contains a 
regular element of R and hence, K <e R. Thus, K n N # 0 which is 
impossible. Therefore, V(O) # W(N) and R does not have an artinian 
classical right quotient ring. 
A collection of prime ideals is a minimal right Krull link closed set 
(minimal right stable set) if it is right Krull link closed and no proper sub- 
set is right Krull link closed (if it is right stable and no proper subset is 
right stable). The next result shows that a right clan of minimal prime 
ideals can be characterized as a minimal right Krull link closed set con- 
sisting of minimal coprimitive ideals. The condition that a prime ideal ‘P is 
a minimal fi-coprimitive ideal, where /I = 1 R/PI, is equivalent to demanding 
that P = rt( C) for all /?-critical submodules C with P = ass(C). 
4.3. THEOREM. The following are equivalent. 
(1) 9 = {P,, . . . . P,} is a right clan. 
(2) Y is a minimal right Krull link closed set and for all i, Pi is a 
minimal Pi-coprimitive ideal. 
(3) 9 is a minimal right stable set and for all i, Pi is a minimal 
pi-coprimitive ideal. 
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Proof: (l)* (2). Let D= ny=i Di. We first show that R/D is a 
right nonsingular ring. Suppose Di E Pj for some i # j. Then Pj/nl+j D, 
is a minimal prime ideal of R/n,+jD, and hence, %‘(n,+jD,)~%(Pj). 
Thus, %(n,,iD,)s%‘(P,)n ... n%‘(P,)=%‘(P,n ... nP,)=W(D,n . . . 
nD,)~@‘(n,+j D,), where the last equality holds by 2.5 and the last 
inclusion by 2.2( 1). Therefore, %( n ,+ j D,) = %( PI n . . . n P,) is a right 
Ore set which contradicts the hypothesis that J? is a right clan. Thus, by 
4.1, R/D is a right nonsingular ring. 
By 2.2(2), the minimal prime ideals of R/D are (Pi/D I 1 < i G n}. Hence, 
the prime radical of RID is fly=, Pi/D. Since Di/D is a nonessential right 
ideal of R/D, for each i, R/D contains a critical right ideal Ci such that 
C,n DJD =O. Consequently, Ci embeds in R/D, and therefore, 
assRiD(Ci) = Pi/D. Then for all i, P,fD E Ass(R/D) and the prime radical 
N(R/D) = n Ass(R/D). Since R/D has an artinian classical right quotient 
ring by 3.8, then N(R/D)=O by 4.2. Thus, fly-i P,= fly=, Di. 
By definition, there exists a finitely generated p,-critical module C with 
d(C) = D1. Since P, P2 . ..P.sn;=, DisD1, then CPIP,...P,=O. Thus, 
CP, = 0 or P, . . P, c +t( CP,) c ass( C,) = P, . The latter implies that 
Pi= P, for some j# 1 which is impossible. Thus, CPI = 0, whence 
P, G ,&(C) = D,. Therefore, P, = D,. Similarly, Pi = Di for i’= 2, . . . . n and 
thus, each Pi is a minimal /I,-coprimitive ideal. 
Finally, 9 is right Krull link closed by 3.7. If some proper subset 
{P, 1 t E p) is right Krull link closed, then it satisfies the hypothesis of 3.7 
since Pi=Di for all i. Thus, %(fl,,, P,)=%(fiIEd D,) is a right Ore set 
contradicting the hypothesis that 2 is a clan. Therefore, 9 is a minimal 
Krull link closed set. 
(2) =E. (1). Since Pi is a minimal pi-coprimitive ideal, Pi = Di for all i 
and %(n;= 1 Pi) = $Z(nr= 1 Di). Then, since dR is right Krull link closed, 
it is right localizable by 3.7. If for some proper subset {D, 1 t E 4) of 
lD ,, . . . . D,> we have ~(fh,, D,) a right Ore set, then by 3.7, (P, j t E 3 > 
is right localizable and hence, is right Krull link closed by 3.7. This 
contradicts the hypothesis that d;p is a minimal Krull link closed set. 
Therefore, 8 is a right clan. 
The equivalence of (1) and (3) is an easy consequence of 3.7 and the 
equivalence of ( 1) and (2). 
Over an FBN-ring, a clan 2 is homogeneous in the sense that if P, 
Q E 2, then IR/PI = I R/QI. This result is valid in our setting as well. 
In order to verify this for right clans of minimal prime ideals, we examine 
minimal right Krull link closed sets. 
4.4. LEMMA. Let ti be a finite collection of prime ideals and let Y denote 
481/119/l-11 
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the directed graph of right links. lf 2 . IS a minimal right Krull link closed set, 
then for any P, Q E Af, there exists a directed path from Q to P. 
Proof: Suppose not. Then there exists P, Q E A? such that 9 has no 
directed path from Q to P. Let X0 = {HE X ( no directed path exists from 
Q to H}. Then &#(a since PeXO. If HE&$ and K+H, then KEY? 
since 2 is right Krull link closed. Further, if there exists a directed path in 
9 from Q to K, then this path together with the link K + H provides a 
path between Q and H which is impossible. Thus, there is no directed path 
from Q to K and hence, KG X0. Therefore, & is right Krull link closed. 
Since J? is a minimal right Krull link closed set, A$ = 2. Consider 
$=Z--{Q}. IfHEX and K --w H, then K E X. If K = Q, then there is 
a directed path from Q to H which contradicts HE% = &. Thus, KE & 
and X1 is a proper right Krull link closed subset of X. This contradicts the 
hypothesis that A? is a minimal right Krull link closed set. Therefore, there 
exists a directed path from Q to P. 
4.5. PROPOSITION. If 9 = {P,, . . . . P,} is a minimal right Krull link 
closed set, then 
(1) 1 R/P,1 = 1 R/P,1 for all i, j. 
(2) E(R/P,) is homogeneous for all i. 
Proof (1) Let P, Q E 9. By 4.4, there exists, after renumbering if 
necessary, a subset {PI, . . . . Pk} c P’ with Q = P,, P= P,, and for all 
t = 1, . ..) k- 1, P, -H P,,,. It is an easy consequence of the definition of 
right Krull link that 1 R/P,+ i 1 < JR/P,1 for all t = 1, . . . . k - 1. Thus, 
) R/PI < ) R/Q\. Since, by 4.4, we also have a directed path from Q to P, 
then similarly, [R/Q1 < [R/PI. Therefore, [R/PI = IR/Ql. 
(2) Let 0 # XG E, be a finitely generated submodule, where P E 3, 
and let W denote the top factor of a Krull series for X. If Q = ass(X), then 
Q +-+ P and therefore, Q E 9’. By (l), IR/PJ = (R/Ql. Further, by 2.1, x is a 
d-module and hence, IR/Ql = IBI = 1x1. Thus, every finitely generated 
submodule of E, has the same Krull dimension. 
Let R=(cg[;]), h w  ere F is a field. Then R has two minimal primes 
P=(cFgl) and Q=(zc[;]). The minimal 1-coprimitive ideal contained in 
P is D, = 0 and the minimal 0-coprimitive ideal contained in Q is D, = Q. 
Both (P} and (Q} are right Krull link closed since finitely generated sub- 
modules of E(RfP) and E(R/Q) are critical. Since R has an artinian 
classical right quotient ring, U( P n Q) = g(O) = W(D, n D2). Consequently, 
by 3.7, {P, Q} is right classical. By 4.3, {Q} is a right clan but {P] is not. 
Hence, not every minimal prime belongs to a clan. 
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